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Abstract The conditions on elastic displacement and
stress in a material that will promote reflection and
transmission of an incoming wave are calculated. It is
found, for example, that to optimize reflection and
transmission, scalar potentials of the displacement in
the wave and in the material will be related to rotations
in planes perpendicular and parallel to the direction of
propagation to the wave. When a pulse is constructed
and its path analyzed through short distances, it is
shown that abrupt transitions in tension and compres-
sion in a material will maximize reflection of the pulse.
When strain energy is minimized where reflection and
refraction are to occur, differences in tension and
compression become prominent again. Finally, an
approximate volume of material is calculated for an
electron to harness the restoring forces in a material to
balance the energy lost in inelastic scattering.
Keywords Elastic stress  Pulse 
Transmission  Reflection  Strain energy
1 Introduction
The importance of controlling wave and crack
propagation by designing the texture and geometry
of the medium containing the wave is evident from
both very recent findings and those in the past. It is
the purpose of this paper to show relations between
the displacement of an elastic stress wave and the
displacement induced by a microstructural pattern
that would enhance reflection or transmission of a
wave.
Other recent studies for wave propagation and
crack advance have utilized displacement, wave
equations and finite elements. The propagation of
waves in microstretch elastic solids, for example
(Tumar and Khurana 2008), has been investigated by
using vectors representing displacement and micro-
rotation and by expressing these vectors as a sum of
scalar and vector potentials. On a larger scale, with a
packed array of circular rings, wave equations have
been developed from a force balance for displacement
and for rotation of a cross section (Shim et al. 2008).
Fracture along grain boundaries, with a criterion
involving an average normal tensile stress on a grain,
has been numerically modeled using a Voronoi cell
hybrid finite element method (Gastaldi et al. 2008).
The reflection and refraction of a pulse treated in
this paper also complements previous studies that
have analyzed the transmission of waves at bimaterial
interfaces (Singh and Kavaturu 1997; Chattopadhyay
2004) and at interfaces composed of a frictional
contact between two materials (Wang et al. 2004;
Miller and Tran 1979, 1981; Cominou et al. 1979).
Evidence for geometric arrangements affecting the
speed, reflection and refraction of a pulse have been
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brought out in studies involving periodic and nonpe-
riodic arrangements of particles embedded in a
material (Geng et al. 2003; Kinra et al. 1998, 1999;
Krasil’nikov 1999) and in a study involving oscilla-
tion of the speed of a crack tip (Blumenfeld 1998).
If particles and grains have elongated shapes, they
can undergo a slight rotation within a material under
an applied load. Such a rotation can give rise to
elastic stresses in the matrix material that alternate
spatially between tension and compression (Muskhe-
lishvili 1953; Kennefick 2005, 2008). One purpose of
this paper is to find a mapping of such alternating
stresses so that a pulse is optimally reflected or
transmitted in the material.
It is proposed that under another incoming tensile
or compressive force, such as that provided by a
mechanical or electrical pulse, the atoms in the
material matrix will in turn create a temporary
restoring force as they move toward their equilibrium
bond positions. These temporary restoring forces
would provide a positive or negative acceleration to
the incoming pulse itself. Moreover, the change in
speed of the pulse, particularly that occurring at an
abrupt change from tension to compression in the
atomic lattice, is expected to give rise to reflection
and refraction of the pulse.
This paper also constructs a pulse that could
emanate near the tip of crack under an applied load.
The portions of a pulse that could refract and reflect
as the pulse encounters a transition from tension to
compression in the material are also derived. Finally,
the approximate length scale in a material micro-
structure to have an electron wave packet reflect and
transmit through a material by a similar mechanism is
also calculated.
2 The disturbance as a wave
2.1 The propagation equation and the form
of its solution
The incoming wave disturbance is assumed to cause a
displacement s
*
in the material. The displacement s
*
is
general, and can be as small as the displacement of
electrons around atoms in a material, or can be a
larger displacement involving many grains. At the
same time, the incoming wave becomes subjected to
the force F
*
m provided by the material microstructure.
The force F
*
m can arise, for example, from stress
distributions from the elastic rotation of grains.
The notation of the operators used in Eq. 1 below
and in other equations in this paper is the following. i^ is
a unit vector in the x direction, j^ is a unit vector in the y
direction and k^ is a unit vector in the z direction. r is
the operator i^ oox þ j^ ooy þ k^ ooz, which can operate from
the left upon the vector that follows it, or from the right
on the vector that precedes it. On the left hand side of
Eq. 1, the symbol  represents the scalar product
between the two vectors just to the left and right of the
symbol. The symbol 9 denotes a vector product.
Finally, the two dots above the last term of Eq. 1
represent a second derivative with respect to time.
The propagation equation governing s
*
for the
incoming wave and the force F
*
m in the material is
given by Nadeau (1964).
abc k þ 2lð Þrr  s*  lr ðr s*Þ
h i
þ F*m ¼ m s*

ð1Þ
In the Eq. 1 above, k is an elastic constant equal to
mE/[(1 + m)(1 - 2m)], where m is Poisson’s ratio and
E is the Young’s modulus for the material containing
the wave. l is the shear modulus of the material and
m is a small amount of mass being displaced by the
incoming wave.
The term abc at the front of the first term
represents a small volume element containing the
mass m. The volume is written as a product of the
dimensions a, b and c of a rectangular shaped volume
to provide some generality to the volume. Equation 1
is actually the sum of three independent equations
representing forces in three directions along the
orthogonal axes used. In each direction, the small
volume, as well as the mass m contained in it, can be
different from the volume for displacement in another
direction. Furthermore, F
*
m is the sum of forces in
each direction, where each of these forces arise from
stresses acting upon different planes. Later in this
study, the small area in one of these planes is denoted
by ab, where the dimensions a and b can pertain to
the area in that plane. The dimensions a and b can
differ in another plane, as long as the area for the
stress and the volume in Eq. 1 is kept small. To retain
this flexibility and generality in Eq. 1, the volume is
written as a product of the dimensions a, b and c,
rather than having it be a volume of fixed dimensions
in each direction.
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It is also recognized that when the element of
volume is small enough, the Young’s modulus E will
vary in different crystallographic directions. These
crystallographic directions themselves might not
coincide with the coordinate directions used in
Eq. 1, but a component of E in various crystallo-
graphic directions could contribute to each coordinate
direction. When working at a small length scale in a
single direction, therefore, these different values of E
can be taken into account. To keep the notation
simple in Eq. 1 and in the equations that follow,
however, E and l are written as a single symbol.
For the propagating wave, the displacement s
*
can be
written as the sum of a scalar potential w and a vector
potential A
*
(Nadeau 1964). Thus s
*
may be written as
s
* ¼ rw þ ðr  A*Þ: ð2Þ
In Eq. 2, w can be written as the sum of three
separate functions in the x, y and z directions that are
dependent upon time t through a function B(t):
W ¼ f xð Þ þ g yð Þ þ h zð Þ½ B tð Þ: ð3Þ
Similarly, the vector A
*
in Eq. 2 can be written as the
sum of three vectors in the x, y and z directions with a
time dependence given through the function B(t):
A
* ¼ Fi^ þ Gj^ þ Hk^ B tð Þ: ð4Þ
Each function F, G and H in Eq. 4 is a function of the
coordinates x, y and z: F = F(x, y, z), G = G(x, y, z)
and H = H(x, y, z). For simplicity in the analysis that
follows, it will be assumed that the time dependence of
the scalar and vector potentials of the incoming wave
are the same, although this need not be the case.
The force F
*
m in the material that can interact with
the wave is derived from the elastic stress tensor Tm,
which in turn is related to the elastic strain tensor Sm





m in the material can also be written as a sum of a
scalar potential and a vector potential:
s
*
m ¼ rwm þðr  A
*
mÞ: ð5Þ
Similar to the function w for the wave, the function
wm is a scalar function that is a sum of three functions u,
v and w that are each functions of x, y and z respectively:
wm ¼ u xð Þ þ v yð Þ þ w zð Þ½ DðtÞ: ð6Þ
It is emphasized here that u, v and w are a part of wm
and are not individually the total displacements in the
x, y and z directions. The function D(t) represents the
dependence of wm on time t.
Similar to A
*
, the vector potential of the wave
disturbance, A
*




m ¼ Ui^ þ Vj^ þ Wk^
 
D tð Þ: ð7Þ
In Eq. 7 above, U, V and W are all functions of x, y and
z: U is U(x, y, z), V is V(x, y, z), and W is W(x, y, z).
For example, U, V and W can be functions of the
distances in the x, y and z directions from an apex of
a three dimensional crystalline grain. If the coordi-
nates of the apex are (x0, y0, z0), and U1, U2, U3, V1,
V2, V3, W1, W2, and W3 are numerical coefficients,
U, V and W can be written as (Kennefick 2008).
U ¼ U1 x
2
0








z0 þ z  z0j j ð8Þ
V ¼ V1 x
2
0








z0 þ z  z0j j ð9Þ
W ¼ W1 x
2
0








z0þ z z0j j ð10Þ
The force F
*
m can be found from the stress tensor
Tm, the vector N
*
normal to a plane of material that
interfaces with the incoming wave, and an area over
which the stress acts. If this area is modeled as a
rectangle of sides of length a and b, then the area over









has direction cosines with the x, y and z
axes of cosd, cos /, and cosu and can be written
N
* ¼ i^ cos d þ j^ cos u þ k^ cos /: ð12Þ
The stress tensor Tm is related to the strain tensor
Sm by the relation (Nadeau 1964).
Tm ¼ l Sm þk Smj jI; ð13Þ
where I is an identity matrix, with the property that
V
*  I ¼ I  V* ¼ V* for any vector V* . The stress tensor
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In Eq. 13, the quantity Smj j is the trace of the
tensor Sm, which can be calculated as the square of
the quantityr  s*m or as S:I. Here the symbol :
denotes a double scalar product. For the operator :,
the upper symbol represents the scalar product
between the second vector of the first tensor and
the first vector of the second tensor. The lower
symbol denotes the scalar product between the first
vector of the first tensor and the second vector of the
second tensor.






















þ kr  r wm Ið Þ
)
: ð15Þ









k þ 2lð Þrr  rw þ r A*
 h i




















þ kr  r wm 1ð Þ
)
: ð16Þ
It will be assumed that an incoming wave will
have a particular form and that w and A
*
are fixed and
known. Hence the solution to Eq. 16 and to related
conditions for reflection and transmission consists of
finding the forms of wm and A
*
m and the relation of
these functions to w and A
*
.
2.2 Equations of interaction
Equation 16 can be reduced further by simplifying
the operator rr to rrð Þ  r  rð Þ, and
recognizing that the operator rr on an argument
yields zero. Then one can combine all the terms for
the incoming wave on one side of the equation and all
the terms for the material on the other. The result of








k þ 2lð Þrr  w þ lr  rrw




















Combining Eqs. 3, 4, 6, 7, 12 and 17 and equating
the i^, j^ and k^ components on each side of the resulting
equation separately yields three equations. Each of
these three equations in turn can be separated into
terms involving o=ox, o=oy and o=oz. When the sum
of the terms involving each partial derivative o=ox,
o=oy and o=oz are set to zero, three more equations
are obtained that must hold true for the propagation
equation 17. An example of three of these equations
for propagation in the i^ direction is given below.




þl fxxþf yyþ fzz
 i













mB00 tð ÞH þ abclB tð Þ Hxx þHyy þHzz
 






mB00 tð ÞG þ abclB tð Þ Gxx þGyy þGzz
 






In Eqs. 18–20 and those that follow, the symbol B00
denotes the second derivative of B with respect to
time. A single prime symbol following a function
denotes a first derivative. Subscripts involving x, y or
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z are partial derivatives with respect to x, y or z. A
single subscript is a first partial derivative, whereas a
double subscript is a second partial derivative with
respect to that variable.
The last three terms in Eq. 18 show that the
displacement functions of the incoming wave will
interact with rotation within the atomic planes of the
material. The last terms in Eqs. 19 and 20 show out of
plane rotations in which the direction of the rotation
itself is in a plane perpendicular to the i^ direction of
propagation. In this study, ‘‘in-plane’’ and ‘‘out-of-





One condition for maximizing the reflection of the
incoming wave could be to maximize the acceleration
of the wave in the opposite direction. Suppose p
*
is a
vector representing the direction of propagation of the
wave. If the angles a, b and c are the angles this
propagation vector make with the x, y and z axes, then
p
* ¼ i^ cos a þ j^ cos b þ k^ cos c: ð21Þ
Further, let the vector L
*
/m represent an acceleration
of the wave as it traverses through the material. Then
from Eqs. 1 and 16 L
*
can be written as
L
















For reflection, if this acceleration per unit mass is
to be maximized in the direction of -p
*
, then one can




Equations 3, 4, 6 and 7 were combined with Eqs. 22
and 23 to give relations between the components of
displacement of the incoming wave and the compo-
nents of the displacement in the material. With this
combination of equations, Eq. 23 can be solved by
collecting all terms in the x, y and z directions
separately. Each total function in the i^, j^ and k^
directions can then be set into three functions, each







oxoz. Setting these last three functions to zero in
each of three directions will give nine equations. A
sample of three of these equations derived from terms
originally collected in the i^ direction is given below.
abcB tð Þ k þ lð Þ fxx þ gyy þ hzz
 
þl fxx þf yy þ fzz
 









¼ labD tð Þux 2 cos d cos a þ cos / cos bð














cos a  labD tð Þ Uz Wxð Þ
2

 cos d cos b þ Vx Uy
 
2
cos d cos c
	
ð24Þ
abcB tð Þ k þ lð Þ fxx þ gyy þ hzz
 
þl gxx þ gyy þ gzz
 
cos b










¼ labD tð Þ vy 2 cos / cos b þ cos d cos að

þ cos u cos cÞ þ ux cos / cos a þ wz cos / cos c















 cos / cos a þ Vx Uy
 
2
cos / cos c
	
ð25Þ
abcB tð Þ k þ lð Þ fxx þ gyy þ hzz
 
þl hxx þ hyy þ hzz
 
cos c










¼ labD tð Þ wz 2 cos u cos c þ cos d cos að½
þ cos / cos bÞ þ uz cos u cos a þ vy cos u cos b
 labD tð Þ Vx Uy
 
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 labD tð Þ Wy Vz
 
2
cos u cos a

þ Uz Wxð Þ
2
cos u cos b
	
ð26Þ
What is particularly new in Eqs. 24 to 26 that is
not shown in Eqs. 20 to 22 for general propagation is
that for reflection, the spatial variation of the rotations
produced by the incoming wave become related to
rotations in the same plane of the material. The
rotations this same plane can be either in plane or out
of plane of the material lattice.
2.4 Transmission
There are two conditions that might hold for optimum
transmission of a wave, particularly a conduction
wave, through a material. One is that the force in the
material superimposes with the force of the wave to
produce a strain energy of zero in the very region
occupied by the wave. The total strain energy per unit
volume utotal can be written as (Nadeau 1964)
utotal ¼ l Stotal : Stotal þ 1
2
k Stotalj j2 : ð27Þ
In Eq. 27 above, Ttotal is T + Tm and Stotal is
S + Sm. The strain tensor Stotal can be derived from a
total displacement s
*












Another possibility for optimum transmission of
the wave is that the total strain energy per unit
volume decreases as steeply as possible for each
increment of advance of the wave in the direction of
the propagation vector p
*
. The variation of the total
strain energy in the direction of p
*
would then be
maximized. Then one necessary condition is that
there be in inflection point in the variation of the total
energy density in the direction of p
*
:
r r utotal p*
 h i
 p* ¼ 0: ð29Þ
Equations 2 through 7 and 28 were combined
separately with Eqs. 27 and 29. The resulting equa-
tions are too long to be reproduced here, but to satisfy
either of the Eqs. 27 or 29, a sample of three relations
that could be set to zero are shown below.
o
ox
ux þ Wy Vz
   ¼ 0 ð30Þ
fxx B tð Þ þ uxx D tð Þ½ 2 ¼ 0 ð31Þ
o
oz
B tð Þ Gx Fy
 þ D tð Þ Vx Uy
  
 2 ¼ 0 ð32Þ
Equation 30 suggests that for the stresses inside
the material, the slope of one scalar potential in a
particular direction must be equal to the negative of
the rotation in a plane perpendicular to that particular
direction. Equations 31 and 32 indicate that both the
scalar potentials and the rotational modes of the
material displacements must be 180 degrees out of
phase with those of the incoming wave. Alternatively,
the function in the interior of Eq. 32 can be written as
[B(t)Gx – D(t)Uy] + [D(t)Vx – B(t)Fy]. This last
expression implies that a specific coupling could exist
between rotational displacement in the wave and that
in the material to promote a strain energy of zero.
3 The incoming wave as a pulse
3.1 Construction of the pulse
In this section, the direction of propagation of the
pulse will be in the x direction, where x, y, z is an
orthogonal coordinate system local to and traveling
with the stress pulse. The function f(x) in this section
will represent the strength of the stress in the pulse
and will be in the y direction.
For the model of the pulse as a simple block function,
f(x) is a concentrated stress rc along the length from x
equal to zero to x equal to L, as shown in Fig. 1.
The pulse itself can be constructed as the Fourier
integral






cos k x  vtð Þdk: ð33Þ
The pulse can also be modeled as a simple sine
function, as shown in Fig. 2. The form of this pulse
might be suitable for a longitudinal pulse in which the
leading part is compressive and the trailing part is
tensile. In this case, the length of the disturbance is L,
with the maximum concentrated stress rc occurring at
L/4 and 3L/4.
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Following the same procedures for constructing
the previous Fourier integral for the block function
for rc, the pulse in Fig. 2 can be expressed as
f xð Þ ¼
Z 1
0
4 rc sin kL sin k x  vtð Þ
4 p2  L2 k2 dk: ð34Þ
3.2 Optimum stress in the material for reflection
and refraction for short distances traveled
by a pulse
In Eqs. 33 and 34, the term vt, the distance the
pulse has traveled, is a function of time. It was
desired to get the term vt as a function of the local
stress state r(x) in the material where the pulse is
traveling. For the simple block function, this
transformation was done by considering a very
short distance near an interface between tension and
compression in the material where the pulse would
both reflect and refract due to an abrupt change in
speed. For this short distance, the acceleration of
the pulse was assumed constant as it traversed a
short distance containing a constant restoring force
in the material. Since the pulse accelerates under
the restoring forces of the atoms in the material
lattice, the term vt can be replaced by a general
distance variable d.
In the analysis in this section, r(x) is a stress state
in the material matrix that can be tensile, compressive
or shear. It can, for example, be the stress state from
the rotation of material grains. The stress r(x) is a
force per unit area, with A denoting this unit area. The
terms q and V are defined respectively as the mass per
unit volume of the material and the unit volume of the
material itself.
For some short length of time t, suppose the pulse
can travel a short distance d in the absence of
stresses in the material. The pulse is under the
influence of only the remote applied stress r?. The
constant acceleration under this stress, denoted by
the letter a, is then r?A/qV. Under this constant
acceleration, the distance d traveled is given by at2/
2, assuming that the change of speed sought is
different from a constant speed in the expression vt,
and that this initial relative speed is zero. From
equating d with at2/2, where the acceleration a is
r?A/qV, the quantity t
2 can be obtained as 2dqV/
r?A.
By the preceding analysis, the acceleration am of
the pulse under the influence of the restoring forces of
the atoms in the material during this same time
interval t is r(x)A/qV, where r(x) is considered a
constant for the short time t. The distance d, given by
amt
2/2, becomes r(x)A/qV multiplied by 2dqV/r?A,
which is r(x)d/r?. The distance d traveled in the
same direction under the influence of material
stresses is thus scaled by a ratio of the local stress
in the material to the remote applied stress.
Suppose, for example, that one wants to maximize
the reflection of an initial pulse so that a stress
concentration does not build up in a material. With
the x, y, z coordinate axes kept local to the pulse with
the direction of propagation in the x direction, the
initial pulse, a refracted pulse and a reflected pulse
can all have the form of Eq. 33. The term vt in this
case has become the distance d just discussed. One
would want to find the optimum pattern in r(x) to






Fig. 1 The pulse as a block function traveling in the x






Fig. 2 The pulse as a sine function traveling in the x direction.
The leading maximum in the function is a compressive
concentrated stress rc. The traveling minimum in the pulse is
a tensile concentrated stress rc
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in Eq. 33, which has become vt, taking the derivative
of Eq. 33 with respect to x and setting the result equal
to zero would be a first step in maximizing the
reflected pulse. A reflected pulse, in summary, would
produce a maximum change in the presence of the
pulse at positions x where the pulse is expected to be
if it keeps moving forward.
The process just mentioned gives the following
two possibilities for r(x):
r xð Þ ¼ r1 1  mp
kx
 
m an integer ð35Þ
and
xr0 xð Þ þ r xð Þ  r1 ¼ 0: ð36Þ
Equation 36 can be easily solved (Boyce and
DiPrima 1977) to give the solution
r xð Þ ¼ r1þC
x
x [ 0 ð37Þ
for a constant C and values of x greater than zero in
front of the pulse.
For reflection of the pulse to be maximized, both
Eqs. 35 and 37 predict transitions, even abrupt
transitions, between tensile and compressive stress
states depending upon the values of the integer m and
the constant C.
4 The pulse as a result of a large initial
displacement
4.1 Introduction and notation
In this section, an expression for a pulse is derived
that is based upon a large initial displacement
occurring in a material subjected to a disturbance.
In the last two sections, in contrast, a constant
concentrated stress rc essentially acted as a coeffi-
cient in front of the mathematical form of the pulse.
A large displacement, for example, could occur for
those atoms near the tip of a crack, as shown
schematically in Fig. 3. This displacement could
possibly travel as an attenuating pulse of stress in the
material, leaving behind a concentrated stress sur-
rounding the tip of the crack. It is the purpose of this
section to derive a full stress tensor for a pulse due to
such a large initial displacement.
Once the initial displacement occurs, it travels as a
pulse in the x, y and z directions, as shown in Fig. 3.
In each of the x, y and z directions, a component of
the pulse will travel and will be modeled as a block or
sine function, as calculated in Sect. 3. The maximum
amplitude, however, will be based upon the displace-
ments ui, vi and wi.
As the pulse travels into the material, it will be
assumed that each of the initial displacements ui, vi
and wi, along with its functional dependence upon x,
y, and z, attenuates as 1/x, 1/y and 1/z. Such an
attenuation might yield a radial distribution of stress
around the end of a crack that is different from what
has been previously modeled. The final form the
stress components here, however, will show how the
stress in the material from the vt term in the pulse
calculated in Sect. 3 could affect reflection and
transmission of the pulse.
According to what has just been discussed in the





* ¼ i^ ui x0 y0 z0
xyz
P xð Þ þ j^ vi x0 y0 z0
xyz
P yð Þ
þ k^ wi x0 y0 z0
xyz
P zð Þ: ð38Þ
As discussed in Sect. 2.1 of this paper with Eq. 14,
the strain tensor S can then be calculated from its
definition of rs* þ s*r
 .
2, and the stress tensor T
can be found from the expression 2lS + k|S|I |S| in
the analysis here is S11 + S22 + S33, where S11, S22
and S33 are the coefficients of the i^i^, j^j^ and k^k^
components respectively of the tensor S. Finally, I is
an identity tensor equal here to i^i^ þ j^j^ þ k^k^.
From the preceding discussion and Eq. 38, the







tip of crack 
Fig. 3 A disturbance beginning at the point (x0, y0, z0) causes
an atom to displace by ui in the x direction, by vi in the y
direction and by wi in the z direction
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In Sect. 6, the Discussion section of this paper, it
will be noted that the conditions on the terms P0 xð Þ,
P0 yð Þ and P0 zð Þ in the equation above, in order to have
the stresses not increase or oscillate without bound as
x, y and z become large, correlate with the conditions
for reflection found in Sect. 3.2.
5 Portions of the pulse that reflect and refract
5.1 Introduction and notation
As a pulse changes speed due to the stresses and
restoring forces in the material lattice, it is expected
to reflect and refract. In this case, the reflection and
refraction are not necessarily due to a change in
material at an interface. The reflection and refraction
are expected to occur at a transition between tension
and compression in the matrix material.
Since the material here is being modeled as an
interconnected network of atomic bonds, both the
stress and displacement can be different across a row
of atoms where the pulse reflects and refracts.
Therefore, instead of a boundary condition that
equates force or displacement across an interface, a
condition that minimizes potential energy was used to
find the fraction p1 of the pulse that is reflected.
In this section, a part of the pulse traveling in the x
direction will be analyzed. The analysis will be
similar for the parts of the initial pulse traveling in the
y and z directions. It will be assumed that the
incoming portions of the pulse involving the stress
coefficients T11, T12 and T13 of the tensor T in Eq. 39
will act independently. Here T11 is the coefficient of
the i^i^ term in Eq. 39, T12 the coefficient of the i^j^ term
and T13 of the i^k^ term, with similar correspondences
for the other coefficients. The numeral 1 denotes the x
direction, 2 denotes the y direction and 3 the z
direction. The first subscript on the coefficient T
denotes the direction of a vector normal to the plane
upon which the force acts. The second subscript
denotes the direction of the force itself. Hence T11
will denote a longitudinal pulse and T12 and T13,
which are the same as T21 and T31 in a symmetric
strain tensor, will denote pulses of shear stress
traveling in the same x direction but in planes
orthogonal to one another.
When the pulse reflects, the strain energy per unit
volume to be minimized is given by (1/2)T:S
(Nadeau 1964). When working with a stress tensor
T, it is also useful to calculate strain energy from
various stress components from the equation (1/
2E)[(1 + m)T:T-m|T|2].
5.2 Superposition and portion of the pulse
that reflects
For the part of the pulse containing the shear stress
T12, for example, the portion that is reflected is p1T12.
The portion of the pulse undergoing refraction is then
(1 – p1)T12. It was also assumed that the portion of
reflected stress p1T12 is superimposed with the stress
already in the material in the region where the
reflected pulse travels. Hence the x, y, z coordinate
system for T12 is local to the direction of travel of the




ui 2l þ kð Þ P0 xð Þ  1=xð ÞP xð Þ½  þ k vi P0 yð Þ þ wi P0 zð Þ  vi=yð ÞP yð Þ  wi=zð ÞP zð Þ½ f g
þj^j^ x0 y0 z0
xyz
vi 2l þ kð Þ P0 yð Þ  1=yð ÞP yð Þ½  þ k ui P0 xð Þ þ wi P0 zð Þ  ui=xð ÞP xð Þ  wi=zð ÞP zð Þ½ f g
þk^k^ x0 y0 z0
xyz
wi 2l þ kð Þ P0 zð Þ  1=zð ÞP zð Þ½  þ k ui P0 xð Þ þ vi P0 yð Þ  ui=xð ÞP xð Þ  vi=yð ÞP yð Þ½ f g
l x0 y0 z0
xyz
i^j^ þ j^i^  ui=yð ÞP xð Þ þ vi=xð ÞP yð Þ½  þ i^k^ þ k^i^
 
ui=zð ÞP xð Þ þ wi=xð ÞP zð Þ½ 
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stress T12
ml in the material. For T12
ml, m is a label
denoting a stress intrinsic to the material and l
represents a region of reflection. Similar to the region
of the reflected pulse, the stress in the region of
material where the refracted portion travels was
labeled T12
mr.
For this calculation, it was assumed that the
incoming pulse is approximately the same magnitude
as the stress in the regions where the pulse could get
reflected or refracted. Situations in which the incom-
ing pulse is much larger than or smaller than the
stresses in the material are discussed in the next
section.
From the definitions of T12, p1, T12
ml and T12
mr
given in this section and from the final equation for
strain energy given in the last section, the strain
energy per unit volume in the region of the reflected
part of the pulse due to the superposition of the
incoming stress pulse and the stress already in the
material is (1 + m)/[E(p1T12 + T12
ml)2]. Similarly,
the strain energy per unit volume in the region of
material where the refracted portion travels is
(1 + m)/{E[(1 - p1) T12 + T12
mr]2}. The sum of
the strain energy per unit volume in both the regions
where reflection and refraction could occur was then











For a minimum in total strain energy per unit
volume U, its derivative with respect to p1 was taken.
Setting this derivative equal to zero and solving for p1
for a minimum in strain energy then gives




A similar procedure involving the longitudinal pulse
associated with T11 gives the same kind of expression
for the portion of the pulse that is reflected. The result
for the portion p1 that is reflected is




In Eqs. 41 and 42 above, it is evident that
differences in positive and negative quantities in
Tmr and Tml will allow both the portions p1 and
1 - p1 to vary to their greatest extent.
5.3 Incoming stress pulse much smaller or larger
than the stresses in the material
If the incoming stress pulse is much smaller in
absolute value than the absolute values of the stresses
already in the material, it is expected that the pulse
will move in a direction to lower the strain energy per
unit volume. If a small compressive pulse is in a
region of material that is tensile, for example, and the
pulse arrives at a region that is compressive, the pulse
is expected in this analysis to reflect. An incoming
tensile pulse would be expected to transmit into the
region of material that is under compression.
If the incoming pulse is much larger than either of
the stresses in the regions where it could reflect or
transmit, it is expected that a small portion of the
incoming stress, with an absolute value near those in
the material, would reflect a portion p1 given by
Eq. 41 or 42, depending upon whether the incoming
pulse is shear or longitudinal. The rest of the
incoming pulse would continue to transmit through
the material.
6 Discussion
The form of the pulse in Eq. 39 predicts that tight
transitions between tension and compression over
short distances in the material are important in
affecting the transmission and reflection of the pulse.
This becomes apparent in the following analysis.
Equation 39 shows that the coefficients in the
tensor representing longitudinal pulses have terms
that are spatial derivatives of P. Moreover, as shown
in Sect. 3, the term vt in the function P can be written
as xr(x)/r?. Thus when calculating the entire
derivativeP0 xð Þ in Eq. 39, for example, the derivative
of the term xr(x)/r? by itself with respect to x must
be zero, if it is desired to have P0 xð Þ not increase or
oscillate without bound as x gets large. As shown in
Sect. 3, setting the derivative of xr(x)/r? equal to
zero gives abrupt transition in the material stress r(x)
for reflection and transmission of the pulse.
It is interesting to calculate the length over which
transitions between tensile and compressive stresses
might occur so that an electron could possibly harness
the strain energy from lattice restoring forces to avoid
inelastic scattering from atomic vibrations. The
energy of an electron that is coupled to the dilatation
10 C. M. Kennefick
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D of a lattice during inelastic scattering is given
approximately by CD, where C is about 1 9 10-19 J
(Kittel 1986). The angle of rotation e of a grain from
which alternating tensile and compressive stresses
arise is about 10-5 radians (Muskhelishvili 1953;
Kennefick 2008). Suppose that D, the fractional
volume change during inelastic scattering of an
electron, is also about 10-5.
Denoting an alternating tensile and compressive
stress in the x direction as T11
m, suppose T11
m is
about 1 MPa. The strain energy per unit volume that
might be harnessed through restoring forces would be
about (1/2E)(T11
m)2. The Young’s modulus E can be
assigned a value of about 400 GPa, in the range of a
modulus for a ceramic material. When the strain
energy is equated with CD, the volume of material
needed to have the strain energy the same order of
magnitude as CD would be about 8 9 10-15 m3, or a
cube of about 10 nm on a side. The grains or particles
themselves that could provide a length scale of about
10 nm in a pattern of alternating tensile and com-
pressive stresses could be about two to ten times this
length (Muskhelishvili 1953; Kennefick 2005, 2008).
7 Conclusions
1. For general propagation of a wave, a component
of its vector potential will be a function of
rotations induced the lattice planes of the
material.
2. Reflection of the wave can involve rotations in
the incoming wave being dependent upon both
in-plane and out-of-plane rotations already in the
material.
3. When the incoming wave and material displace-
ment already present are divided into scalar and
vector potentials, conditions for transmission of
the wave predict a relation between the scalar
potential in the material and the rotation in the
material in a plane perpendicular to the scalar
potential.
4. For transmission, a few relations could hold
between rotations of the incoming wave and
those of the material. One is that rotation in a
particular plane for the material must be 180
degrees out of phase with rotation in the same
plane caused by the incoming wave. Another is
that rotational displacements of the incoming
wave are equal in magnitude to those in the
material in the same plane and in planes perpen-
dicular to the rotational displacement of the
incoming wave.
5. For short distances through a material lattice, the
acceleration of a pulse due to restoring forces in
the material lattice predict that abrupt transitions
in the magnitude of stress in the material will
maximize reflection and transmission of the pulse.
6. When the stress tensor of a pulse is derived from
initially large displacements due to a disturbance,
the longitudinal pulses in the stress tensor, if they
are not increase or oscillate without bound, also
predict optimum reflection and transmission in
areas of rapid change in the magnitude of stress
in the material.
7. When minimizing the local strain energy per unit
volume in a material lattice is used as a boundary
condition for reflection and refraction of a pulse,
abrupt transitions in tension and compression are
again predicted to promote reflection and trans-
mission to the greatest extent.
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